Brownian motion and Stochastic Calculus
Dylan Possamai

Assignment 7—solutions

Exercise 1

Let (B¢)¢ejo,1) be a Brownian motion on (£, F,P) and define the process (M;);>0 by My := supg<s<; Bs. Consider the
random variable

D := sup { sup {B; —BS}}.
0<s<1 L 0<t<s
That is, D characterises the maximal possible ‘downfall’ in trajectories of the Brownian motion on the time interval

[0, 1].

1) Show that D law Supg<;<1 | Btl-

Hint: you can use (and prove if you want!) Lévy’s theorem, which states that the processes M — B and |B| have
the saw law under P.

law

2) Show that supg<,<; |B¢| = 1/+/T1, where Ty :=inf{t > 0: [B;| > 1}.
3) Conclude that EF[D] = /7 /2.

1) Let Z; := M; — B; and Y; := |B;|. With the definition of D we have to check that

law
sup Z; = sup Y;.
0<t<1 0<t<1

Since both Z and Y are continuous processes, it suffices to check that

sup 7,2 sup Y. (0.1)
te[0,1]1NQ te[0,1]NQ

Let (tn)nen be a counting sequence in [0,1]NQ. By Lévy’s theorem, the processes Z and Y have the same
law, and therefore for n € N the random variables

Zn = SUP(ZtUZtQa ceny Zt )a Yn = Sup(YZNYVtza LRI }/t")a

n

have the same law. Since Z, and Y, converge monotonically to sup,c1jng Z¢ and sup;c(gq)ng ¥: we have
for all z € R

—+o0

]P’{ sup Z; < x} ]P’{ ﬂ{Zn < x}]
t€[0,1]NQ n=0

= lim P[Z, < z]

n—-+4oo

= lim P[Y, <z

n—-+oo

te[0,1]NQ

which yields (0.1).
2) We recall the self-similarity property of Brownian motion, i.e., for ¢ > 0

law

(CBt/c2)t20 = (Bt)t20~



Therefore, for x > 0

IP’{ sup | B < x} =P[ sup [By/,2| < 1]
0<t<1 0<t<1

:P{ sup Bt|<1]

0<t<1/x2

= P[Tl 2 IiQ}
3) Using the identity
\/2/71'/ e /2% 4y = o,
0

and Tonelli’s theorem we have

EF[D] = EP{ sup Btl} =EF[1/\/Th] = v/2/% /OOC EF[e="T4/2)dg.

0<t<1
From a previous exercise, we know that the Laplace transform of T} is

]EP[e*“Tl] = 1/cosh(/2u), Vi > 0.

Putting everything together, we have

Pr - < da _ -  ePdx

e2z+1
=2+/2
/W/l y? +1

_o 27 _ [T
T4 2

Exercise 2

Fix a probability space (Q,F,P), and let B be a Brownian motion in R? (with respect to its P-completed natural
filtration) for some integer d > 2. For any z € RY we let B® := x + B, and for any z € R?\ {0}, and any
0<a<|z| <b, welet

T :=nf{t > 0:||Bf|| < a}, 7 :=inf{t > 0: ||Bf|| > b}.

1) Assume d > 3 and show that X7 := HBZaAtH%d, t >0, is a bounded (FF, P)-martingale.

2) Assume that d = 2, and show that Y;* := —log (Hngfa/\mAt‘

), t >0, is a bounded (F,P)-martingale.
3) Show that for any « € R?\ {0}, P[Bf #0, Vt > 0] = 1.

4) Assume d > 3, and show that for any z € R%, P[limy_ ;o || Bf || = +o0] = 1.

1) For any C? function g : (0, +0c0) — R, we can define the radial function f:R?\ {0} — R by
f(@) = g(lz]), € R\ {0}.

Direct computations show that the Laplacian of f is given by

Af(@) = g"(lel) + S g/ (lle]), = € R\ {0},

]



Consider the map g(r) := r2~%, which is C? on (0, +oc). We then have
Af(z) = 2= d)(1 = d)z]~"+ 2~ d)(d = D]zl|* =0, z e R\ {0},

which means that f is harmonic on R?\ {0}. By applying It&’s formula, we deduce

X = HBm

2—d
Ta/\tH

Ta At
1Bz = @)+ [ o BaB,
from which the (F,P)-local martingale property is immediate. In addition, since d > 3, we have that
0< X <a?,
which provides the required boundedness property, and ensures that we have an (F,P)-martingale.
2) It is the exact same argument as in 1) except with g(r) := —log(r).

3) For the cases d > 3 and d = 2, we let g and f be as in 1) and 2) respectively. Consider then the
martingale My := f(B}\, . ), t > 0 (and notice that this coincides with X* when d > 3), and recall that
Tqa N Tp is finite P—a.s. because 7, is. Since M?” is bounded, it is P—uniformly integrable and

ollel) = 35 =5 1m_ 2] = gl < ] + 0Pl < )

which leads to
gUlz])) = 9(b)P[7 < 7a]

g(a)
Since in both cases, g goes to +o0 at 0, we obtain by letting a go to 0 and using dominated convergence

Plre < 7] =

Plro < 7] =0, o> ||z,

Taking the limit again as b goes to +oco, we now get
P|:7’0 < lim Tb:l =0.
b—+oo

Since B” is (F,P)-locally bounded (it is continuous), we must have lim;_, . 7, = +00, so that 75 = 400,
P—-a.s. which is the desired result.

4) By translation invariance of Brownian motion, we can assume without loss of generality that x # 0.
For d > 3, define

M= g(IB7N) = 187>
This is P-a.s. well defined for all ¢ > 0, since 7y = +o0, P—a.s. by 3). As in 1), M? is an (F,P)-local
martingale. In this case, while M7 is not bounded, it is a non-negative (F,P)—local martingale, hence
an (F,P)—super-martingale. Since M?* is a non-negative (F,P)-super-martingale, it also follows by the
super-martingale convergence theorem that M —; ,, . M2, P-a.s. for some F,,_-measurable random
variable M7 . Noting that

limsup || BY || = 400, P-a.s.,

—+0o0

so that

r : T _ s . ) 2—d __ g
Mg, = lim M} =liminf | B[*~* = 0, P-as,

and thus as desired
|B|| = (MF)Y =D 5 400, Pras.

t——+o0

Exercise 3

Let B be a Brownian motion in R?, 0 # x € R? and define the process M = (M;);>o by

1

" lle+ Bl

This is well defined as a 3-dimensional Brownian motion does not hit points, as seen in the previous exercise.



1) Show that M is a continuous local martingale. Moreover, show that M is bounded in L?(R, F,P), that is

sup EF[| M;]?] < 4-o0.
>0

2) Show that M is a strict local martingale, i.e., M is not a martingale.

Hint: Show that EF[M;] — 0 as t — +oo. To this end, similarly to 1), compute EF[M;] and use the reverse
triangle inequality as a first estimate. Then compute the resulting integral using spherical coordinates.

1) Since the 3-dimensional Brownian motion B = (B!, B2, B%)' takes values in the open set D := R?\ {—z},

P-a.s., we can apply Itd’s formula to M; = f(B;) with f: D — (0,400) given by f(y) := Hwiy\l

For i € {1,2,3}, we have

ﬁ(y) _ 'y P () = —[lz + ylI* + 3(z" +¢*)?
Oy Hx+y\l3’ (9y')? lz + yll®

It follows that Af = ay )2 + ( )2 + ( )2 =0 on D. Hence, Itd’s formula yields

: 1t 2+ B
M:Mo—i—/Vst-st—&-f/Ast 5= / LT g,
‘f , V(B ;[ armaas= Z EESAE

Thus, M is a continuous (F, P)-local martingale.

Let us show the second part. For ¢ > 0, using the distribution of the 3-dimensional Brownian motion,
we obtain that

o

-3 1 ]2
]E]P M 21 = 2 t 2/ - ( d
M stz s ] = ) feyi<tet Iz + g2 o )Y
-3 1 IIy—x||2>
= (27t 2/ exp<_ LA L d
) li<tzt lyl? 2t Y
3 1 (|l=] - ||y|)2)
27t 2/ ex <_ d
= lyl<tzl [[y]]? P ot y
2
< (27t gexp< (i )/ dy
2 IyII2
_3 ||flf||2 o
= (27t) "2 exp T—Qr sm( )dOdpdr

2
< C(Qﬂ't)*% exp < |:c|| >

where C is a finite positive constant.

c«

Now, the function t — (27Tt>_% exp( — %) is continuous on (0,+0c0) and converges to 0 as ¢ — 0 and
t — oo, hence it is bounded on (0,0). Therefore, we conclude that

sup E°[|My[?] <

t>0

It follows that M is bounded in L?(R, F,P).



2) For t > 0, using spherical coordinates,

(o) = omt) 7 [ e (- 12 )ay
s |7+ yll 2t
- 1 ly — ||
)= f Tl %
_ 2
§(27rt)*3/2/ 1exp(_(y|||x||)>dy
rs ||yl 2t
27 _
27Tt 3/2/ / / exp( 7” H»TH) >T Sln(a)dlgdapdr
o T 2t
_47T(27Tt) 3/2/ rexp< (T_QH:))d,r
o0 r2
wen) 2 [~ (4 el exp( e )ar
[l]|
2
— dn(2mt) /2 / o /
m(27t) ( Hx‘lrexp of dr + ||=|| " exp T dr

< 4m(27t) 3/2([ texp ( — 215)} + |x||\/27rt>
—llll

2
= 4 (2mt) /2 (texp( Il >+ |||v2m ) O(t™%), (t — +o0).
Hence, EF[M,;] — 0 as t — +oc0. Since EF[M;] = m > 0, M cannot be an (F,P)-martingale.

Exercise 4
Let B be a Brownian motion. For all y € R* , we define
T, ::inf{tZO:BtZy}.

Fix a > 0 and b > 0 and define
Ta,b =T o NTy.

1) Justify that T, is an FZF-stopping time.

2) Fix 0 € R and define X* by

2
X .= sinh(A(B; + a)) exp ( — 9212)

Show that X% is an (FZ'F, P)-martingale.
3) Deduce that

62 sinh(fa)
EF ——T, |1 =+
[GXP( 2 b) {Tb“—“}] sinh(6(a + b))’

02 sinh(6b)
P _ =
E {exp ( B Ta) 1{Tb>T_a,}] sinh(f(a + b))’

and then that

and finally that




4) Deduce
b

P[Ty < T-o] = —

a

and then that the random variable supy<,;<7_, B; has the same law as (1 — U)/U where U is uniform on [0, 1].

1) It is the minimum between two stopping times, and thus a stopping time.

2) The (local) martingale property is direct from, for instance, Ité’s formula. Since B has exponential
moments of any order, one can check that it is, in fact, a true martingale.

3) The martingale property and the optional sampling theorem ensure that, with 1.y, = Tap An, for any

n €N,
2

EF {sinh(Q(BT;b + a)) exp ( — 92T¢;L,b>] = X% = sinh(fa).

Now we also have

2

. 0 . _e2, ) 62
Smh(é)(BT;b +a)) exp < 2T£b> = 147, ,>n}sinh(0(B, +a))e Ty 147, ,<ny 11, <71_,}8inh(0(b+a)) exp < 2Tb>,

and the left-hand side converges P-a.s. to 1;5,<7_,}sinh(6(b+ a))exp ( - %Tb) as n goes to +oo, since by,
for instance, the law of iterated logarithm for Brownian motion, 7j; < +oco, P-a.s. Now we also have
that

2
sinh(@(BT;zb +a))exp ( - 92T£b> ’ < sinh(6(b + a)),

so that by dominated convergence, we get

2
EF [1{Tb<T_a}sinh(6(b +a))exp ( - 92Tb>} = sinh(fa),

which is the first stated equality.

For the second one, by symmetry for Brownian motion, we can apply the previous result to —B, and
use that sinh(—z) = —sinh(z). The last one follows immediately by adding the two previously obtained
equalities and standard formulas for hyperbolic functions.

4) For the first part, it suffices to use again dominated convergence and to let 6 go to 0 in the previous
first two equalities. Finally, we have

,]P[(1—U)/U<x]:P[U>1/(w+1)}=1—xi1:xilv

IP’[ sup Bt<x]:P[TI>T1]:x+1

0<t<T_,

which is the desired result.



